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ABSTRACT 

In this paper it is shown how the AdS/CFT correspondence extends to a more general 
situation in which the first theory is defined on (d + l)-dimensional manifold M defined 
as the filling in of a compact rf-dimensional manifold M. The stability of the spectral 
correspondence mass/conformal- weight under such geometry changes is also proven. 
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1 Introduction 



During last year there has been a big effort in understanding AdS / CFT correspondence 
Among others, the question arose of how to obtain the CFT on the boundary of the AdS 
space for various field theories (see also g,|9],[l3|,[14|]). In these papers a method was proposed 
to demonstrate also a spectral correspondence between the mass spectrum of the theory on 
the AdS space and the conformal weight spectrum of the CFT on the boundary <9AdS. This 
correspondence is of course crucial in establishing the full String/SYM mapping and is at 
the basis of this realization of the t'Hooft-Susskind holography 

A natural interesting question concerns possible generalizations of this mapping for string 
vacua of the form AdS x Q with Q not a sphere, in order to obtain on the other side CFTs 
with less supersymmetry [f7|, [3~T|, |T2|| . 

In this letter we address the problem of proving an analogous statement for geometries 
which are not AdS, but more general. We will consider the geometry of a space M, with 
dimension d + 1, obtained by filling up a generic compact manifold M, with dimension d; 
we will define it with an appropriate metric such that the conformal transformations on 
M are included as isometries on M. In this construction M plays the role of a boundary 
compactified space-time. 

The general correspondence between the two theories can be expressed as 



v 



iS & (g,$) _ f e iS M (g,<f>)+i f M VgO s [<l>]-<t>o ^ -Q 



(in a regularized sense), where Sm and S^ f are the actions of the two related theories on M 
and M , g and g are the respective metrics, and 4> represent fields on the manifolds and 
Os[4>] a generic composite field of some conformal dimension 5. Notice that, in general, for 
interacting bulk theories the problem arizes of obtaining sharp conditions on it so that on 
DM = M one is left possibly with a local field theory. 

The above program is viable by generalizing the AdS approach 0,0]. In the next section 
we will study the case of the massive interacting scalar boson and the free massive spinor to 
explain the general method. In the rest of the paper the correspondence QFT on M versus 
CFT on M = dM is explained together with the proof of stability of the spectral map. 

Given the above situation, one could obtain potentially interesting string or M-theory 
vacua of the form M x Q and speculate on an extension of the string/SYM correspondence. 
The study of the properties of this class of vacua is not performed in this letter. 
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2 Some explicit calculations 



Let (M, g) be a compact riemannian manifold of dimension d and let (M, g) the riemannian 
manifold M = R + x M equipped with the metric 

,~n d£ 2 + ds 2 
ds 

where ds 2 = g a \ ) dx a dx h is the metric on M and £ is a coordinate on R + . 

Notice that each isometry of (M, g) is also an isometry of (M, g). More interesting is the 
fact that each dilatation of (M, g), ds 2 — > r 2 ds 2 , is also an isometry of (M, g), once £ — > r£. 

In the following we will exploit a technique to discharge to the harmonic analysis on 
the manifold M all its peculiar geometrical data. This is obtained via transferring all the 
amplitudes calculations in a Fourier transformed form. 



2.1 The free massive scalar boson 

In this section we analize the free massive scalar boson theory. 

Let A and A be the scalar Laplacians on M and M respectively. By definition, the 
following relation holds 

A = £ 2 A - ^ d+1 d^-% . (2.2) 
Let now m be the mass of the scalar (f>: its equation of motion is 

(A + m 2 )0 = O. (2.3) 

We write its solution as an integral in terms of the would-be boundary value O 

0(£,x)= J M d*yy/MMv)r{£\x,y) . 

The Green function is to be expanded as 

X 

where we denoted by a complete orthonormal set of solutions of A-?/^ = A^a on M. 
Using (|2.2|) we obtain from (|2.3|) the following equation for 7(£|A) 

(£ 2 A - £ d+ %e-%) 7 + m 2 7 = 



2 



which can be shown to be reducible to the modified Bessel equation of order v = y (d/2) 2 + m 2 . 
The solution which is regular at £ ~ oo and nicely matches at A ~ is then 

7«|A)='p£)Vff.({VA), 

where K v is the relative modified Bessel function of order v and d is a normalization. 

We can now perform the calculation of the regularized classical action for the field con- 
figuration 4> on M e = [e, oo) x M 

h ($) =\l. d d+1 x^g (g AB d A 4>d B 4> + m 2 2 ) = \ I d d+1 xd A (^gg AB 4>d B 4>) . 
This reduces, using Stoke's theorem, to 

A 

where 0o(A) = J M d d Xy/gip\(po and where we used completeness and orthonormality of the 
armonics {^a}- Extracting the finite part of e 1_d 7<9g7 as e — > 

fin le 1 " 1 ^] =c(i + u)\ v , c= o9 -. . 

L ' 4 'J 1^2 J 2^+ 2 z/sin(7rz/) 

we get 

/fin (0)=c^ + ^E^o(A) 2 -A^ = 

= c (t + u )\L ddx dd yV9( x )V9(y)Mx)My)^u{x, y) 

where fl u (x, y) = 52\ip\(x)ip\(y) ' A" '. This is exactly the generating functional for 2-point 
functions of a CFT for a field of conformal dimension 8 — | + v. In fact, under a scale 
transform g ab — > r 2 g ab , we get A — > r~ 2 A and *0 A — > r~ d / 2 ip x and then fi^ — > r~ d ~ 2v VL y . 
In the case M = R d U {oo} everything above reduces to the usual AdS calculation and 

tt*(x,y) ~ |a _ y j d+2l/ . 

2.2 The interacting massive scalar boson 

In this subsection we analyze perturbatively the interacting scalar boson which we denote by 
<fr. The perturbative analysis will be performed in the classical limit for the cubic potential 
in the first order in h. Higher orders in h can be analized in the same way. In the 
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following formulas we will omit sometimes the specific indication of higher order corrections 
o(h). 

The e.o.m. of the field is 



(A + m 2 ) * + -$ 2 = 



(2.4) 



We write its solution as an integral in terms of the would-be boundary value 3> = O + h(po 



M 



where g is normalized as g(£|A) = 1 + 0(£) near the boundary. Eq 

1 7 



= i r d d y^g{y)J2Mx)MyM£\X) IMv) + hg(Z\\)<p (y)] =4>o + h0 o 

_]4j) splits in 

(A + m 2 ) 0o = ; (A + m 2 ) (p 
and we obtain for #(£|A) the equation 

<9 5 (r d+1 7(^|A) 2 %(^|A)) y3 (A) = -C {d+1 hm) £ 7(£|AO7(£|A>aWo(AO0o(A") 



A' A" 



where c A a'A" = hi d d X\J g(x)ip x {x)ij) X > (x)ip x » (x) ■ 
The classical action is evaluated as follows 



$ + m 2 $ 2 + -$ 3 



2 7m £ 



9a ( Jgg AIi &dB& )+Jjj(&(A + m 2 ) $ + 



J e (0) +hf A d d+1 x [d A ^g~g AB d B m) - ^4> 3 



and, using the Stokes theorem and ( |2.5|) , we get its finite part 



fin 



le (*)] =\l d d xjgjx) [ d d yjgl^)<f> (x)n„(x,y)<f> (y) + 



where 



VL v {x,y) = c[- + v\Q, v {x,y) and 



0,(^2,,*) = 6 £ M^y(y)^"(z)c X xy,(\\'\''y /2 H(\,\',\'') 

AA'A" 

with 6 = 5- 2- 3 ^ 1 c' 3 and 



(2.5) 



+ ^/ d d xjg~(x)f d d y^y) I d d zjgjz]<f> (x)<f> (y)<f> (z)n u (x,y,z) j (2.6) 



(A, A', A") = j °° dft* -1 ^ tf„ (Va^) K v (v^ 



Using the same rescalings as for the free scalar boson case, under the conformal trans- 
formation g a b — > r 2 g a b we get Cl u (x,y, z) — > r^ 3 ^ +u )fl u (^ X} y } z) and therefore Q u (x, y,z) 
represents a good three point function for a conformal field of dimension 8 = | + v. 

This shows that under the interaction the mass/conformal weight correspondence remains 
stable also in this larger framework in which the boundary geometry is generic. 

Notice that the above results reproduce the interacting scalar boson amplitudes in the 
M = R d U {00} case. In particular, the coefficient H (A, A', A") reproduces the interaction 
vertex as calculated with the Witten-diagrams technique [PtfUfl. 



2.3 The free massive spinor 



In this subsection we analyze the free spinor field which we denote by ip. We simplify a 
little possible questions about the harmonic spinor analysis for manifolds with boundary 
and torsion (see for example |15| for indication of problems). 
The action is 



S f 



d d+1 x^Jg(x)ip(x) (V - m) ip(x) + /i 



d d+1 xJ ' g(x)i>(x)ip(x) 



(2.7) 



which is the usual Dirac action augmented by a boundary term which is the natural covari- 
antization of the analogous term proposed in || with v(x) = £<9g + v a (£, x)d Xa a vector field 
of this given form and = ■ d + d ■ the Lie derivative. From this technical point of 
view, it seems unnecessary to impose any condition on the components v a since they do not 
appear in the final result. The constant fi is a weigth for the boundary term. 
The Dirac operator T> can be written in the form 



V 



e M^A 







M 



+ 2 U bc 



~M ^BC 



(2.f 



where and Cj^ c [resp. and u^] are the components of the inverse vielbein and the spin 
connection on M [resp. on M\. Let {Xqr){ x )} be the set of complete orthonormal spinors of 
the operator V on M, that is T>x qv = iqr)Xq-v anc ^ ^oXqv — VXqv 
The relevant equation of motion is the Dirac equation 



T> — m) i/j(x) = 



(2.9) 
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and we write its solution as 



(2-10) 



</•'/ 



where ^(q) = J M d d y^J g(y)Xqv(y)i J r)(y) m t erms °f the would be boundary spinor i/j°(y) 
Substituting (|2.10 ) in (|2.9| ) and imposing square integrability, we get 



m\q) = c"(g)e^/ 4 sin ( V m - J ) ^K,(qO 



d+l 



(2.11) 



for q ^ and /^(^O) oc ^ m +2. |g) is well defined at q = only for the value of i] 
dictated by the condition rjm < that is, for m > 0, rj = —1. As a consequence it is also 
determined c"(q) = q m+ ^c" . We are then forced to kill half the boundary value of the spinor 
from the beginning as 

^+iO) = o 

Calculating the classical action from (|2.7|) we get 



fin 



Se [$)] = -/ia^T/V_!4,-i9 2m 



M 

where a = |c"| 2 |cos 2 (7rm) and 



M 



- d d xJg(x) d%Jg{y)r-i{x)®{x,yW-i{y) 



©(z, y) = Xq-i(x)q 2m Xq~i(y) ■ 



(2.12) 



Notice that (|2.12 ) is the generating functional for the two point function of a spinorial 
field of conformal weight 5 — m + |. In fact, under g a b — > r 2 g a b, we have q — ► r _1 g and 
— r ~^Xqrji so that Q(x,y) — > r~ 2 (2 +m )0(a;, y). Let us point out also that the free 
spinorial indices in the two point function are acted on by the local Spin(d) group. 

Again, in the case M = H d U {oo}, our result reduces to the known ones ||. 



3 Conclusions 

As it has been shown above, there is a well defined way to generalize the AdS/CFT cor- 
respondence to the more general situation in which the AdS space is replaced by a filling 
in of a generic compact manifold. This is due to the fact that the procedure of reduction 
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to the boundary is arranged as a short scale phenomenon on the bulk (see also pD[). At 
short distances from the boundary and locally, the manifold M can be approximated by a 
negative constant curvature space and therefore the reduction to the boundary theory holds 
as if one was on an AdS space. More concretely, one can consider the geometry of M near 
the boundary. Let (e a , uu^j [resp. (eU, )] be the vielbein and spin connection on M [resp. 
on M\. the following relations hold (we used them also to calculate ( plf )) 



<■() = y, e a = -e a , u a = --e a , u a = u a 



and the structure equations on M can be written as 

T = 0, £ a = -e o Ap-~T a 

f a = -T a , R a b = -±e a Ae b + R a \ 

where T a and R b [resp. Ta and R^ ] are the torsion and curvature 2-forms on M [resp. on 
M\. In the limit ^ ~ the first term in the curvature R^ dominates and 

Ra e A A e B 

which means that locally near the boundary f\ the M geometry is AdS (with some torsion 
if T a ^ 0). This explains also the stability of the spectral correspondence with respect to 
changes in the geometry of the boundary manifold. 
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